The Hirota-Satsuma model with fractional derivative is considered to provide some characteristics of memory embedded into the system. The modified system is analyzed analytically using a new technique called residual power series method. We observe that when the value of memory index (time-fractional order) is close to zero, the solutions bifurcate and produce a wave-like pattern.
Introduction
In mathematical physics, nonlinear wave equations play a major role in various fields, such as plasma physics, fluid mechanics, optical fibers, solid state physics, geochemistry, and so on. A system of interest is the generalized coupled Hirota Satsuma KdV system given by ∂u ∂t = 1 2 The generalized coupled Hirota Satsuma KdV system investigated by many authors using different methods such as the extended tanh method [12, 18] , differential transform method [17] , trig-hyperbolic function method [3] and Homotopy perturbation method [4] .
The main objective of this paper is to present a new generalization of the coupled Hirota Satsuma KdV system by replacing the first order time derivative by a fractional derivative of order α, and takes the form To best of our knowledge the fractional-system given in (2) is new and to be explored in this study where the residual power series method is adopted [5] [6] [7] [8] 16] . In this context, we would like to point out that recent studies have been accomplished including mathematical models of integer-fractional order which attract attention to the approximation theory of fractional calculus [9] [10] [11] The pattern of the current paper is as follows: In section 2, some definitions and theorems regards Caputo's derivative and fractional power series are given. Detailed derivation of the RPS solution of the fractional Hirota Satsuma KdV system has been discussed in section 3. Finally, the performance of the RPS method has been tested in section 4.
Preliminaries
Many definitions and studies of fractional calculus have been proposed in the literature. These definitions include: Grunwald-Letnikov, Riemann-Liouville, Weyl, Riesz and Caputo sense. In the Caputo case, the derivative of a constant is zero and one can define, properly, the initial conditions for the fractional differential equations which can be handled by using an analogy with the classical integer case. For these reasons, researchers prefer to use the Caputo fractional derivative [15] which is defined as Definition 1. For m to be the smallest integer that exceeds α, the Caputo fractional derivatives of order α > 0 is defined as
Now, we survey some needed definitions and theorems regards the fractional power series (RPS) where there is much theory to be found in [13, 14] .
Definition 2. A power series expansion of the form
is called fractional power series PS about t = t 0 .
Theorem 1.
Suppose that f has a fractional PS representation at t = t 0 of the form .
Next, we present in details the derivations of the residual power series solution to the generalized fractional Hirota-Satsuma system.
Residual power series (RPS) for solving time-fractional Hirota-Satsuma system
Consider the time-fractional Hirota Satsuma system
subject to the initial conditions:
The RPS method propose the solution for Eqs. (3-4) as a fractional PS about the initial point t = 0,
Next, we let u k (x, t), v k (x, t), w k (x, t) to denote the k-th truncated series of u(x, t), v(x, t) and w(x, t), respectively, i.e.
Considering the initial conditions (4), the 0-th RPS approximate solutions of u(x, t), υ(x, t) and ω(x, t) are
Also, Eqs. (6) can be written as
Now, we define the residual functions, Resu , Resv , Resw, for Eqs. (3) Resu(
and therefore, the k-th residual functions, Res u,k , Res v,k and Res w,k are
In RPS method [1, 2] , Res(x, t) = 0 and lim k→∞ Res k (x, t) = Res(x, t) for all x ∈ I and t ≥ 0. Therefore, D rα t Res(x, t) = 0 since the fractional derivative of a constant in the Caputo's sense is 0. Also, the fractional derivative D rα t of Res(x, t) and Res k (x, t) are matching at t = 0 for each r = 0, 1, 2, ..., k.
To proceed with our technique, we substitute the k-th truncated series of u(x, t), v(x, t), w(x, t) into Eqs. (10) , find the fractional derivative formula D 2, 3 , ..., and then solve the obtained algebraic system
to get the required coefficients fn(x), gn(x), hn(x), n = 1, 2, 3, ..., k in Eqs. (8) . Now, we follow the following steps.
Step 1. To determine f 1 (x), g 1 (x), h 1 (x), we consider (k = 1) in (10)
. Therefore,
From Eqs. (11) we deduce that Res u,1 (x, 0) = 0, Res v,1 (x, 0) = 0 and Res w,1 (x, 0) = 0. Thus,
Step 2. To obtain f 2 (x), g 2 (x), h 2 (x), we substitute the 2-nd truncated series
, and
and
into the 2-nd residual function Res u,2 (x, t), Res v,2 (x, t) and Res w,2 (x, t), i.e.
Then, we apply the operator D α t on both sides of Eqs. (16), (17), (18) (16), (17) and (18). Then we multiply each obtained coefficient by the factor Γ(1+α) and set to zero to find the unknown required functions f 2 (x), g 2 (x), h 2 (x). The reason of adopting this approach the fact that by Caputo derivative,
Using this argument, leads to the following result formulas.
Step 3. 
Finally, proceeding as above analogue, we reach at,
To this end, the RPS method is a numerical scheme based on the generalized Taylor series formula which constructs an analytical solution in the form of a convergent series. Therefore, one can achieve a good approximation with the exact solution by using few terms only and thus, the overall errors can be made smaller by adding more new terms of the RPS approximations. So, by the above obtained 4-th RPS approximate solution, we present some graphical results regards the time-fractional Hirota-Satsuma system.
Bifurcations of the time-fractional Satsuma-Hirota system
The aim of this section is to solve time-fractional system (3) subject to the initial conditions
We point here the that by using the wave variable ζ = x + t, the second and third equations of system (1) reduced into the following differential equations
where
. By elimination, (23) gives the relation
Equivalently,
Integrating (25) twice and setting the constant of integration to zero, we get
Therefore, by the "duality" of the functions v and w, our graphical analysis will be given only for the functions u(x, t) and v(x, t). Figure 4 , we compare the 4-th RPS approximate solutions of v(x, t) when α = 1 versus the exact solution v(x, t) = tanh(x + t). It can be seen from the presented figures the following observations: As the fractional order α being increasing the subfigures are nearly coinciding and similar in their behavior. While on the other hand, for special case α = 1 the subfigures 2 and 4 are nearly identical and in excellent agreement to each other in terms of the accuracy. Meanwhile, it is easy to conclude that the wave solution is getting smooth around the zero zone as α tends to 1. Finally, we close our findings by stating the obtained solutions for the fractional Hirota-Satsuma bifurcate and produce a wave pattern when α is close to 0 (full memory), and the pattern vanishes when α is close to 1.
a u4 x,t for Α 0. 
Conclusions
The present paper is an attempt to solve the fractional Hirota-Satsuma system in a new outlook from analytical point of view. We used residual power series (RPS) which enables us to find approximate solution in the form of polynomial with higher precision and less computational time. We observed that the solutions of the modified Hirota-Satsuma system bifurcate and produce a wave pattern when α is close to 0 (full memory), and the pattern vanishes when α is close to 1.
